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Abstract

The passive flux meter (PFM) is a permeable down-hole device designed to measure the magnitudes of horizontal groundwater specific
discharge and contaminant mass flux in porous media. By means of a geometrical analysis of resident tracer transport inside a PFM, this
paper introduces two new PFM designs capable of measuring both the direction and magnitude of horizontal water and contaminant
fluxes. One design relies on the detection of a single resident tracer over multiple domains within the PFM cross section to determine
the magnitude and direction of water flux. The second PFM configuration uses the detected loss of multiple resident tracers in different
sectors of the PFM cross section to generate the same characterization of water flux. Both designs rely on the assumption of linear,

instantaneous and reversible tracer sorption.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Both the direction and magnitude of groundwater flow
and contaminant mass flux are considered important
parameters with respect to risk assessment and remediation
of contaminated aquifers [4]. Over the last four decades,
much of the literature has focused on quantifying the mag-
nitudes of water and contaminant flows while little atten-
tion has been given to directional measures. The classic
standard method of estimating the direction of flow uses
a water table contour map, and a certain minimum number
of observation wells in the area of interest. Natural gradi-
ent tracer tests have also been performed, but at the risk
of not detecting tracers in observation wells situated too
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far apart (see for example [15,7]). Initially Drost et al. [6]
and more recently Lamontagne et al. [12] describe a single
borehole method (known as “point dilution test), which
appears to ameliorate some of the problems associated
with tracer studies. While the measurement of the magni-
tude of groundwater flux is based on the rate of dilution
of a tracer in a borehole, for the measurement of the flow
direction Drost et al. [6] propose the use of radioactive
tracers that are washed out of the borehole in the direction
of flow and are then detected by a respective probe installed
in the borehole. A related method is described by White
[18], in which a slug of salt water is injected in a well or
pit. The movement of the slug is then traced using electric
resistivity measurements by different electrode arrays on
the surface. A more recent evaluation of borehole flow
meters [17] compares measurements of three flow meters
capable of making point estimates of the direction and
magnitude of flow: (1) the heat-pulse flow meter described
by Kerfoot [10,11] and Guthrie [8] as well as another
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related method using thermal perturbation [1], (2) the
“acoustic doppler velocimeter” (ADV) developed by Son-
Tek [13], and (3) the colloidal borescope developed by
the US Department of Energy [16]. The latter two technol-
ogies have in common that they do not measure fluid
movement directly but rather track the movement of natu-
rally suspended particles in the water column of a borehole.
The ADV relies on the acoustic Doppler effect to track the
particle movement, while the colloidal borescope uses a
video camera in combination with a black light source.
The US Department of the Interior [17] determined that
both methods require further study to provide reliable
directional measurement; hence, the development of an
alternative, in particular a passive method, is of interest.
Still another method based on thermal perturbation is the
in situ permeable flow sensor [3], which is directly installed
in the ground (no disturbance by monitoring well, but
instrument cannot be recovered after measurement) and
which is capable of measuring the full three-dimensional
groundwater flow velocity vector in unconsolidated, satu-
rated, and porous media.

Hatfield et al. [9] and Annable et al. [2] developed and
field-tested a new method to simultaneously measure the
magnitudes of groundwater and contaminant fluxes in
the porous subsurface. The method uses a permeable, sorp-
tive device referred to as the passive flux meter (PFM) in
the shape of a homogenecous, vertically segmented cylinder.
This device is installed in a well or borehole for a specified
period of time where it passively intercepts groundwater
and contaminant flow. The PFM initially contains a known
amount of one (or more) resident tracer(s) that is eluted
from the PFM during the time of exposure to groundwater
flow. The relative residual mass of resident tracer left on a
particular vertical segment of the PFM after removal from
the borehole is used to determine the cumulative ground-
water flux over the time of exposure. Simultaneously to
the elution of the resident tracer, the sorptive matrix of
the PFM retains contaminants from the groundwater.
The mass of each contaminant retained on the PFM is then
used to determine the cumulative contaminant mass flux
over the time of exposure.

The purpose of the present work is to develop the con-
cepts and compare the usefulness of two different PFM
configurations that allow for the simultaneous measure-
ment of both the direction and magnitude of groundwater
and contaminant flux. The new configurations specifically
enable measurements of groundwater flow direction, and
it is assumed this direction is the same for contaminant
flow. Measurements of the magnitudes of groundwater
and contaminant mass fluxes remain as described in the
original PFM configuration [9,2]. The cross section of the
PFM of the first configuration (hereafter referred to as
“ring” configuration) is depicted in Fig. 1 and was origi-
nally proposed and tested by Campbell et al. [5] to measure
magnitude and direction of groundwater and contaminant
flux at a bench scale in the laboratory. In this configura-
tion, the cross section of the PFM is divided into four

2r

III

Fig. 1. Cross section of PFM - ring configuration.

sub areas where only the shaded center circle (area “IV”)
contains the resident tracer. Groundwater migrating
through the PFM displaces the resident tracer into the sur-
rounding ring that still consists of the same permeable,
sorptive material as the center circle, but does initially
not contain any resident tracer. Separate analyses of the
four sub areas after removal from the borehole reveal the
respective amounts of resident tracer in each of them,
which are subsequently used to obtain an estimate of the
direction of groundwater and contaminant flow.

The second configuration (hereafter referred to as ““sec-
tor” configuration) is illustrated in Fig. 2 and represents an

Fig. 2. Cross section of PFM - sector configuration.
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alternative to the ring configuration of Fig. 1. Here, the
cross sectional area of the PFM is divided into three equal
sectors, where each contains one or more different resident
tracers. Groundwater displaces the resident tracers in the
direction of the flow, thus partially eluting them from the
PFM. From the analysis of the whole cross sectional area,
the remaining amounts of each resident tracer are deter-
mined and subsequently used to estimate the direction
and magnitude of groundwater flow.

In order to evaluate and compare the two configura-
tions, some practical aspects are discussed, and the theoret-
ically exact calibration curves (curves relating the resulting
amounts of resident tracers from the measurement to the
required direction of flow) for both configurations are
derived. The underlying assumptions for both configura-
tions are that the direction of flow does not vary during
the time of exposure, and that the vertical flow component
in the PFM can be neglected with respect to the horizontal
one. For the derivation of the calibration curves it is fur-
thermore assumed that tracer sorption is linear, instanta-
neous (equilibrium) and reversible as well as independent
of other resident tracers. Diffusive and dispersive transport
is neglected with respect to convective transport. Campbell
et al. [5] use an approximate calibration method for the
ring configuration, which in turn does not require some
of these assumptions, and which is discussed with respect
to the results presented.

2. The ring configuration

Under the above stated assumptions, exposure to
groundwater flow for a certain time displaces every tracer
(for brevity, “resident” is omitted hereafter) molecule by
the same displacement vector of length ¢, [L] and direction
¢o [°]. This results in a mere parallel displacement of the
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Fig. 3. Displacement of tracer plume by a vector (¢,, gg) — case one.

entire circularly shaped tracer plume, thus preserving the
initial shape as shown in Fig. 3. Hatfield et al. [9] use this
fact to adopt a rectilinear stream tube tracer transport
model inside the PFM to derive the relationship between
the volume of water conveyed through the PFM and the
mass of tracer eluted from (or remaining in) the PFM.
Although Hatfield et al. [9] also present methods to
account for non-linear and non-equilibrium tracer sorption
in this relationship, the present derivation only makes use
of the solution for linear and equilibrium sorption. The
inclusion of non-linear and/or non-equilibrium sorption
for the measurement of flow direction is not straightfor-
ward due to the more complex configuration of the PFM
and possible effects will be discussed below. The relative
distance ¢,/r [-], with r [L] being the radius of the tracer
plume, is thus obtained from Hatfield et al. [9] as

&_l—mlv

r 06 m

where myy [-] is the relative amount of tracer remaining in
the center area IV after exposure to groundwater flow with
respect to the total amount of tracer initially present in area
IV. Eq. (1) is an approximate relationship being accurate
for ¢./r < 1.2 and ¢,/r represents twice the “dimensionless
cumulative pore volume of fluid intercepted by the device”
as defined by Hatfield et al. [9].

Knowing ¢,/r and the relative amounts of tracer my [],
myy [-] and myyp [-] displaced into areas I, IT and IIT respec-
tively, it is possible to infer the direction gy of the displace-
ment. In a geometrical interpretation, my, myy, myy and myy
represent the portions of the shaded circle intersecting with
areas I, II, III, and IV, respectively. Since each combina-
tion of ¢./r (for 0 < ¢./r <1) and ¢, results in a unique
combination of values for my, my, and myy (mpy only
depends on ¢,/r), ¢y can be determined from the other vari-
ables. In the sequel, the functions m(g./r, qq), mu(q./r, qo),
and mypi(q,/r, q9) are derived and graphically represented in
order to invert them to obtain ¢y. Thanks to the equally
shaped sectors that are only shifted by an angle of +120°
with respect to each other, it is sufficient to find one of
the three functions. The other two functions are then sim-
ply obtained by a linear transformation using (¢y £ 120°)
instead of gy. This coordinate transformation and taking
advantage of symmetry of the sub areas of the ring reduce
the problem to finding, for example, my(q./r, q¢) for
—30° < ¢y < 150°, which corresponds to the half plane on
the upper side of the axis of symmetry of area I as indicated
in Fig. 3. Since for ¢,/r > 1, gy can no longer be unambig-
uously determined from my, my;, and myy in all cases (tracer
might only be detected in a single ring sector, thus leaving a
range of possible flow directions), the following derivation
is restricted to a range of 0 < ¢,/r < 1. Under these condi-
tions three different cases have to be distinguished in order
to be able to express my as a function of the displacement
vector (¢., ¢p). In the following derivations, r will be kept
as a parameter to facilitate a better understanding. Fig. 3
gives an example of the shape of the area representing mi;
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Fig. 4. Displacement of tracer plume by a vector (¢,, gg) — case two.
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Fig. 5. Displacement of tracer plume by a vector (¢,, gg) — case three.

for case one, and Figs. 4 and 5 give respective examples for
the two remaining cases.

In case one, two circumferences and one straight line
border my, while my is zero in case two and bordered by
two circumferences and two straight lines in case three.
Since case one may be regarded as the transition case
between cases two and three, the only transition conditions
that have to be found are those between cases one and two
and between one and three. Fig. 6 illustrates the situation
when cases one and two pass over into each other. The base
angle ¢ of the isosceles triangle with the sides ¢,, r and r
takes the value (90° — ¢y), and knowing cosd = ¢,/2r, one
obtains the transition condition for ¢,/r as a function of
qe as follows:

90°

150"

180° 0°
210° -
-30°
270°
Fig. 6. Transition between cases one and two.

qr _ 8} — 1
L =2-c0s8(90° — ¢qy) =2 -sing, (2)
r

Fig. 6 also shows that for actual values of ¢./r higher than
the respective value obtained from Eq. (2), case two pre-
vails, while otherwise it is case one. Fig. 7 illustrates the
second transition between cases one and three. Here the
base angle 6 of the isosceles triangle takes the value
(210° — gy) and one obtains the following transition condi-
tion for ¢,/r as a function of g:

% =2 c0s(210" — g,) (3)

Again, it may be seen from inspection of Fig. 7 that case
one prevails if the actual ¢./r is higher than the g./r of
Eq. (3) and if it is lower, it is case three. Fig. 8 shows the
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Fig. 7. Transition between cases one and three.
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Fig. 8. Cross section of PFM with borders between the three cases.

cross section of the device with the borders (dotted lines)
between the three cases according to Egs. (2) and (3). It
can be alternatively used to determine what case is ob-
tained dependent on where the displacement vector (¢;, ¢g)
points.

In order to calculate the area my o (case one) equivalent
to the curvilinear triangle (HJK) in Fig. 9, which represents
the amount of tracer displaced into sub area 7, the areas 4,
(FJG) and A4, (GHK) are subtracted from the sector (FJK).
(Note that Figs. 9-11 for a better illustration now only dis-
play the center region of the PFM cross section.) Knowing
that the area of a sector of a circle can be expressed as half
of the radius times the circumference (which equals the
radius times the center angle in radians), my can be written
in a dimensionless form with respect to the total area where
the tracer is present as

180°

210°

30

270°

Fig. 9. Calculation of area my one (case one) for 0° < gy < 90° (only center
region shown).

mI,one(qryqe) = mIII,one(qr,(lsoﬂ'qe)) 90°

270°

Fig. 10. Calculation of area my o (case one) for 90° < ¢y < 150° (only
center region shown).

.. 30°

270°

Fig. 11. Calculation of area my e (case three; only center region shown).

1 7‘2 ) ﬁra
ml(one(qra qH) = ﬁ ' <2d - Al - A2> (4)
The index “rad” indicates that the respective angle has to
be used in radians. Using the fact that the area of a triangle
can be obtained as half of the product of two sides times
the sine of the angle that the two sides enclose, 4; and
A, become
r-t

AI:T-Sinﬁ (5)

P Yead TS
AQ—T*T'SIH/ (6)
The auxiliary variables s (distance (EG)), ¢ (distance (FG)),
p (angle (GFJ)) and vy (angle (KEG)) are expressed with the
help of ¢ (angles (KEF) and (KFE)) and ¢ (angle (JF) to ver-
tical) as performed in Egs. (7)-(12). The operations in-
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volved hereby are the standard ones for right-angled trian-
gles as well as the sine law for general triangles, which im-
plies that the ratios of each side and their respective sines of
the opposite angles are equal

s 4q; _ ] sin 0
sino simm—o-©0—7] > ¥ sin26— ) (7)
L 4 ~ sin(6—7)
sin(d —y)  sinfr — 6 — (0 —y)] R sin(26 — )

®)
B=90° — [(90° — ;) — (90° — 3)] —5 = 90" + g — 6 — &

angle(FK)to horizontal

©)
y=¢qy+06—90° (10)
qr
o= 2r 11
arccos (11)
— arcsin (L.
& = arcsin (r cos qg) (12)

Substituting these six equations in Egs. (5) and (6), and
subsequent substitution of Egs. (5) and (6) in Eq. (4) result
in an expression for my o as a function of ¢, and gy only.
However, inspection of Fig. 10 shows that Egs. (4)(12) are
no longer valid as soon as ¢y exceeds 90°. Yet, it may be
recognized that myyyone for 0° < ¢y < 90° of Fig. 9 and
My one for 90° < gy < 150° of Fig. 10 are symmetric about
the vertical axis, thus possessing the same area. Mathemat-
ically, the condition for this symmetry are equal ¢, in both
cases and that gy in Fig. 9 is equal to (180° — ¢p) in Fig. 10.
In other words, if these conditions are met, 1y o Of Fig. 10
is equal to myyy one of Fig. 9, which can be calculated as

ml‘One(qn QH) = mlll,one(qrv (1800 - ‘18))
=1 — mione(q,, (180" — gq4)) — miv(q,)
for 90° < gy < 150° (13)

since myy one 18 always zero. my one(¢r,(180° —¢gy)) in Eq. (13)
is evaluated from Eq. (4) while myy from Eq. (13) is already
previously required for computing ¢, and is derived by Hat-
field et al. [9] as reproduced in Eq. (14)

()]
(14)

Note: Eq. (1), which is used in practice for the determina-
tion of ¢,/r, is nothing but the linearized, approximate in-
verse function of Eq. (14).

In summary, within the boundaries of case one as
defined in Fig. 8, Eq. (4) is used to evaluate my for
0° < g9 < 90° and Eq. (13) for 90° < gy < 150°.

From Fig. 4 it is easily seen that m; for case two is
always zero

ml,two = 0 (15)

2 .
mv(q,) = — |arcsin

Finally, for case three, my is obtained from a combination
of the above derived equations as inspection of Fig. 11
demonstrates

mI.three(qr7q9) =1- mII.three(qr7q9) - mIII.three(qr7q9) - mIV(qr)
(16)

mypy is again known from Eq. (14), and myy e and
My hree ar€ obtained by taking advantage of the solution
for case one from Eq. (4) (the second solution of Eq. (13)
is not relevant here)

Mt three (915 99) = Mione(qrs (g9 — 120%)) (17)
mIH,three(qn q()) = mI,one(qrv (1800 - C]())) (18)

Substituting Eqgs. (17) and (18) in Eq. (16) results in my for
case three as a function of ¢, and ¢y. Knowing the analyt-
ical solutions for my for the three possible cases and know-
ing the transition conditions from one case to another, my
may now be plotted as a function of ¢, and ¢y in a range of
0< ¢, <1 and —30° < gy < 150°. The results for the
remaining range of gy from 150° to 330° are obtained by
using symmetry. Figs. 12 and 13 demonstrate how the
amount of tracer displaced into sub area I changes with
direction gy when the cumulative flux ¢, is kept constant
and vice verse. In order to determine the same kind of
curves for sub areas II and III, the curves for sub area I
are simply shifted by 120° to the right and to the left,
respectively. Fig. 14 finally shows an example of how ¢y
can be determined from the measured quantities my, my;
and myy; for an arbitrarily chosen ¢,/r of 0.9. Due to sym-
metry, for one sub area two possible values of ¢, are ob-
tained. The result of a second sub area then confirms one
of the two solutions, which is then interpreted as the mea-
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Fig. 12. my as a function of gy for certain ¢,/r’s.
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Fig. 14. my, my and myy for ¢,/r =0.9.

sured direction of flow. The third sub area never contains
practically any tracer (m =~ 0) and consequently does not
contribute any significant information to the determination
of qy.

The above solution is geometrically exact and relies on
the assumption that the initial circular shape of the tracer
plume is preserved. Campbell et al. [S] apply an approxi-
mate method to interpret the measurements of their exper-
iments. They assume that the amounts of tracer detected in
the sub areas I-11I are concentrated in the centers of mass
of the respective sub areas and subsequently calculate the
location of the overall center of mass from the three point
masses. The argument of the polar coordinates of the over-
all center of mass is regarded as the estimate for the direc-
tion of flow and can be shown to be

(mm + ml) -sin 30° — myy
(mm — ml) - cos 30°

g, = arctan (19)
for a PFM orientation as used above. Eq. (19) is valid for
displacements with a horizontal component to the right. If
the horizontal component is seen to be directed to the left
(from inspection of the cartesian coordinates of the overall
center of mass), then ¢y from Eq. (19) has to be corrected
by £180°.

Knowing the exact functions for my, my and myyy of ¢,
and ¢, from above, the systematic error implicit in the cen-
ter of mass approximation can be quantified. The result is
shown in Fig. 15 where the deviations of the two curves for
¢./r = 0.1 (thin) and ¢,/r = 1 (thick) from the straight line
represent the systematic error in the estimation. The errors
are seen to vanish for directions parallel to each axis of
symmetry of the cross section of the PFM. For directions
in between those axes of symmetry the maximum error is
comprised in an interval of approximately +-20°, which lies
within the expected range of accuracy of the measurement.
The center of mass method does not require that the circu-
lar shape of the tracer plume is preserved and its applica-
tion is independent of the ¢, estimate. This fact is of
particular interest in cases where the sorption behavior is
no longer linear, resulting in a longitudinal stretching
(“tailing”) of the initially circular tracer plume as it was
the case in the experiments reported by Campbell et al. [S].
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Fig. 15. Systematic error of center of mass approximation.
3. The sector configuration

This configuration as introduced in connection with
Fig. 2 divides the cross sectional area of the PFM into three
equal sectors where each of them contains a different tracer
in addition to the tracer that is present over the whole circle
and that is used for the determination of ¢.. Adopting the
same assumptions about tracer transport as discussed with
the ring configuration, the tracers are again displaced by a
distance ¢, in the direction ¢, of water flow, thus preserving
the initial shapes (sectors of a circle) of their plumes.
Dependent on the displacement vector with respect to the
orientation of the PFM, more or less of each tracer is
eluted from the PFM, and measurement of the remaining
tracer masses can be used to determine the direction of
flow. The magnitude ¢, of the displacement vector depends
on the retardation of a particular tracer and, thus, may
vary between tracers. However, since the tracers are con-
sidered as completely independent as to their sorption
properties, each of them can be investigated separately.
The value ¢, for a given tracer in a sector is calculated from
taking the product of the known ¢, of the tracer initially
present over the whole cross section and the ratio obtained
from dividing the retardation factor of this tracer by the
retardation factor of the tracer in the respective sector.

In analogy to the ring configuration, the amounts
(areas) of the three tracers in the sectors remaining in the
PFM after exposure to groundwater flow have to be deter-
mined as a function of their displacement vectors in order
to evaluate gy from the measured data. Again, rotational
symmetry reduces the problem to deriving this function
for one single tracer (such as tracer I), and symmetry with
respect to the direction —30°/150° for that tracer is used to
restrict the required observation to one half plane. Know-
ing this, the relationship is established between the amount
my of tracer I remaining in the PFM relative to its initial
amount (one sector) and the displacement vector for a
range of 0<¢q/r <1 and —30°<¢qy < 150° ¢q/r>1 is
not considered here for analogous reasons as given with
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the ring configuration. Cases may occur where only one
tracer is left in the PFM, thus permitting a range of differ-
ent possible flow directions leading to ambiguous
measurements.

Under the conditions stated, three different cases have to
be distinguished in order to be able to express my(q:, qg)
analytically. Figs. 16-18 give an example for each case,
assuming, without loss of generality, that the tracers are
equally retarded. In case one, the two straight sides of
the sector and both circumferences border the remaining
area of tracer I, while in case two and three only one cir-
cumference is involved. Since case one actually may be
regarded as the transition case between cases two and
three, the only transition conditions to be found are those

(ar.9e)

myy
-30°

2100

270°

Fig. 16. Displacement of tracer plume by a vector (g, gg) — case one.

180°

2107

270°

Fig. 17. Displacement of tracer plume by a vector (g, gg) — case two.

90°

Fig. 18. Displacement of tracer plume by a vector (¢,, gg) — case three.

between cases one and two and between cases one and
three. Following the same steps as performed for the ring
configuration one obtains for the transition between cases
one and two as shown in Fig. 19

% =2-c08d =2-cos(q, — 30°) (20)

Case two prevails for actual ¢,/r’s higher than the one given
by Eq. (20) and case one if it is lower. From Fig. 20 the
transition condition between cases one and three can be
seen to be

L Y = 2-cos(g, — 90°) (21)
-
90°
1500 &
3 ~ .
ml' ~. myyy
180° 0

2000

270°

Fig. 19. Transition between cases one and two.
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Fig. 20. Transition between cases one and three.

where case one is obtained if ¢./r of Eq. (21) is exceeded
and case three otherwise. The results of Egs. (20) and
(21) are illustrated in Fig. 21.

Finding the expression for myone (¢r, o), the relative
amount of tracer I remaining in the PFM as a function
of the displacement vector, requires dividing the area
(MNOP) representing my o, into area A3 (MNO) and the
sector A4 (MOP) as illustrated in Fig. 22. 45 is calculated
with the help of Fig. 23 by subtraction of the areas As
(MSN) and A¢ (MOT) from the area of the half circle.
As is equal to the difference of the areas of the sector
(OSN) and the triangle (QMN), as it is expressed in

:rz'ﬁl‘rad_qr'r
2 2

r2 q
:E'(ﬁl,rad_f'Sinﬁl) (22)

p1 is obtained from the other two angles of the triangle

(OMN)

As -sin f3;

(4r,.9e)
case two

case one

case one

Fig. 21. Cross section of PFM with borders between the three cases.

" 30°

270°

Fig. 22. Calculation of my one (tracer I for case one).

90°

(9.9 )

Bi

Fig. 23. Calculation of A4;.
i = 180" — 1y, — [180° — (90° — ¢5)] = 90° =gy — 71 (23)
1 is determined by using the sine law for triangles as Eq.
(24) shows
1 1 o _ (e} _
_ sin[180° — (90° — g,)] (24)
q: r

Using the standard relationship sin(90° 4 x) = cosx, 7y, re-
sults in

sin y,

y, = arcsin {% - COS q(,} (25)

Substitution of Egs. (25) and (23) in Eq. (22) results in an
expression for 45 as a function of ¢, and g.

Also according to Fig. 23, area Aq can be expressed as
the total of the sector (QOT) of the circle and the triangle
(OMO) as
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:rz'ﬂ27rad+qr'r
2 2

2

=3 (ﬁz,rad + % - sin ﬁz) (26)

where [, is obtained using the fact that the triangle (QMO)
is isosceles (being the distances (Q0) and (M O) equal to the
radius r)

p, =180° — arccos% (27)
Substitution of Eq. (27) in Eq. (26) results in an expression
for Ag as a function of ¢, alone.

The area A4 of Fig. 22 is equal to the sector (MOP).
Knowing from Fig. 22 that the angle (PMO) of this sector
is (210° — ¢), and from Fig. 23 that ¢ = f, + ¢y, A4 can be
written as

V2 2

o r o
A4:5' (210 _(p)rad 25(210 _q()_ﬁZ)rad (28)
Egs. (22), (26) and (28) are now combined according to
_ A3 +A4 N 3

(4vs o) 2 <—”2“ As—Ag+ A ) (29)
My one\4drs90) = 2 - — A5 — A6 4
= rn 2

Ag

-sin(180° — f,)

and since f; and f5, are known as functions of ¢, and ¢,
M one 1S Obtained as a function of ¢, and gy as expressed in

3 13n
— E . |:6 — qo{rad - ﬁl‘rad - 2ﬁ27rad

+% (sin §; — sin [32)] (30)

M1 one(qr, )

This expresses the relative remaining amount of tracer I for
case one of Fig. 21.

The relative remaining amount of tracer I for case two
My wo (see Fig. 17) can be calculated according to Fig. 24
as the area of a sector of the circle minus the areas A4
and Ag of the two triangles

3 r q,-r .
ml,two(qm qﬁ) = ﬁ : (3 ' (ﬂ3,rad + ﬁ4,rad) - T - sm /3?

q:.r .
—T‘Slnﬁ4>

3 o .
ml,two(qrv ('I(-)) = % ' |:ﬁ3,rad + ﬁ4,rad - q? ' (Sln ﬁS + sin ﬁ4)]
(31)

Performing the same operations as for the determination of
p1 in Eq. (23), 3 and f4 may be expressed as

By =¢qe — 73 —90° (32)
Bs=210° —go — 74 (33)

and y; and y4 are determined in the same way as y; in Eq.
(25)

y; = arcsin {% -sin(g, — 90°)} = - (34)
74 = arcsin {% -sin(210° — qe)} = arcsin [% -sin(g, — 300)}
(35)

90°
/"
—4 T A7
mytwo :._
0"
(Arqe)\ —Bs \

8 N

2100

Fig. 24. Calculation of my y, (tracer I for case two).

Substitution of the last four equations into Eq. (31) results
in an expression for my iy, as a function of ¢, and ¢y, which
is valid for case two of Fig. 21.

As Fig. 18 demonstrates, none of tracer I is eluted from
the PFM for case three, resulting in

My three = 1 (36)

In analogy to the ring configuration, the analytical expres-
sions for my derived above for the three possible cases are
combined according to their transition conditions and
graphically represented in Figs. 25-27, which directly cor-
respond to Figs. 12-14 for the ring configuration. For the
practical use in the laboratory or in the field where the
m’s and ¢,’s are known for every tracer, two values of gy
are obtained from Fig. 27 for one tracer. This means that
the result of a second tracer would already be sufficient
to confirm one of the two directions from the first tracer.
Tracer results from the third sector do not necessarily have
to be used; otherwise, they may be used to verify the result
or to achieve a higher accuracy in cases where one of the
other tracers is totally leached from the PFM or highly re-
tarded and exhibiting little if any transport. If three tracers
are used for the determination of the direction, it is theoret-

0.9 AN
08 NN /,
07 NN qr=02 V)
06 N\ /
Z 05 A\ /
£ s AN ~ = /
o ANAN 1/
0.2 \ et /
o NNL eV
0 ~~——— y
-30 30 90 150 210 270 330
qo [deg]

Fig. 25. my as a function of ¢y for certain ¢,/r’s.
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Fig. 26. my as a function of ¢./r for certain gy's.
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Fig. 27. my, my; and myyy for different retardations of the tracers in the
sectors.

ically not necessary to use a fourth tracer over the entire
cross-section for the flux (¢,) determination. However, it
might be advantageous to keep this measurement of flux
independent from the measurement of the direction, espe-
cially if tracers with different retardations are used. There-
fore, it is probably more economical to use three tracers:
one over the entire cross-section to measure the flux and
the other two in their respective sectors. Thus, the measure-
ment of the flux is kept independent from the measurement
of the direction and, in addition, the “m” of the third sector
may be evaluated knowing how much of each of the three
tracers has been leached out and using their respective
retardations. Furthermore, the tracers used for estimating
the direction of the flow should have retardation factors,
which are similar enough to avoid situations where one tra-
cer is completely eluted from the PFM while another tracer
has practically not been eluted at all. This condition pro-
vides similar ¢,’s for the tracers, which translates into sim-
ilar amplitudes of the elution characteristics in Fig. 27 for
the tracers in the individual sectors.

4. Discussion of results and summary

Comparison of Figs. 12-14 for the ring configuration
and Figs. 25-27 for the sector configuration shows that
both alternatives are practically equivalent as to their the-
oretical potential to estimate the direction of flow. A minor

exception to that may be the fact that with the ring config-
uration only two of the three measured tracer masses can
be used for the directional estimate (since the third tracer
mass is always practically zero), while with the sector con-
figuration the third tracer mass can be used to verify the
result. From a practical standpoint, the sector configura-
tion presents the advantage that a single tracer extraction
is performed for the whole PFM cross section, while for
the ring configuration extractions must be done separately
for the four sub areas. Furthermore, the sector configura-
tion can be seen to be simpler and, therefore, more conve-
nient in its construction. However, with the sector
configuration, additional tracers of similar retardations
are required which is not the case with the ring configura-
tion. Neither the sector nor the ring configuration impact
the measurements of the magnitudes of groundwater and
contaminant mass fluxes as described in the original
PFM configuration [9,2].

The fact that in both Figs. 14 and 27 portions of the
curves do not exhibit sensitivity to the flow direction
(curves horizontal) does not invalidate the ability to esti-
mate the underlying flow direction, since there are always
the other two curves which do represent more or less sensi-
tivity to the flow direction. However, independent of ring
or sector configuration, this is only true for the range con-
sidered here of ¢,/r < 1; for ¢,/r > 1 (and the larger ¢./r the
more likely) situations may occur, where two curves
become identical to zero and the even more pronounced
ambiguity in the third curve cannot be resolved. For ¢,/
r> 2 all of the tracers are lost from the PFM and no infer-
ences can be made at all, similar to ¢,/r ~0 where not
enough tracer displacement has taken place to indicate flow
direction. From Figs. 12 and 25 an approximate lower limit
of g./r > 0.2 can be defined to maintain a certain minimum
sensitivity of tracer elution with respect to flow direction
(this sensitivity increases as ¢./r grows, until ambiguities
occur at ¢,/r > 1). This clearly identifies the need to ensure
0.2 < ¢,/r < 1, which can most easily be achieved by inspec-
tion of Eq. (37), that is related to Eq. (1) by the “dimen-
sionless cumulative pore volume of fluid intercepted by
the device” [9]

9r _ %Golm
r  rORy

where o [-] is the flow convergence factor according to Hat-
field et al. [9] relating the flow rate in the PFM to the ambi-
ent flow rate ¢y [L/T]in the aquifer, f, [T]is the duration of
the measurement, @ [-] is the volumetric water content of
the PFM, and R4 [-]is the retardation coefficient of a given
tracer inside the PFM. Eq. (37) expresses the distance ¢,
that a tracer molecule migrates down-gradient using the
pore velocity of the water through the PFM (ago/®©) and
applying the respective retardation factor R4 for a particu-
lar tracer. Assuming the hydraulic and geometric proper-
ties of the PFM are given, only 7, and Ry remain to
ensure 0.2 <q,/r <1. When ¢, is approximately known
(e.g. upper and lower limits) then ¢, can be chosen for a gi-

(37)
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ven Ry (or vice versa). If no information about ¢, is avail-
able, then different tracers with a range of retardation fac-
tors can be applied simultaneously in a PFM in order to
provide that enough tracers meet 0.2 <g,/r <1. In both
cases it is clear that the respective retardation factors of
the applied tracers inside the PFM need to be known for
field conditions in order to design and interpret the
measurement.

Critical assumptions of the presented theory are that
advective transport prevails over diffusive/dispersive
transport and that tracer sorption is linear and reaches
equilibrium instantaneously. Violation of any of these
assumptions undermines the validity of results, since the
initial shapes of the tracer plumes (circle and sectors) are
not preserved. While the linearity of tracer sorption is sim-
ply determined by the respective sorption isotherm, the
conditions of purely advective transport and equilibrium
sorption are dependent on the magnitude of the water flux
through the PFM. For example, dispersion is fractionally
proportional to fluid velocity and travel distance and is
not expected to be significant for short flows through
homogenous PFM sorbents; however, a certain minimum
flow rate through the PFM must be provided to safely dis-
regard diffusive contributions to tracer transport, and a
certain maximum flow rate must not be exceeded in order
to allow for sufficient time to reach sorption equilibrium.
The former condition is controlled by the Peclet number
P, [-] and Hatfield et al. [9] specify that in typical field sit-
uations (r = 2.54 cm; ® = 0.62; o = 1; aqueous phase diffu-
sion coefficient for a resident tracer D =1cm?%/d) a
minimum groundwater flux of approximately 0.7 cm/day
is needed to maintain an order of magnitude relative differ-
ence between advective and diffusive transport processes
(i.e., P, =10). On the other hand, the latter condition is
controlled by the Damkohler number w [-], which needs
to be sufficiently greater than one to ensure a hydraulic res-
idence time of adequate duration to achieve equilibrium
tracer sorption/desorption within the PFM; otherwise,
water fluxes will be underestimated.

Besides errors due to violations of the underlying
assumptions of the theoretical model, errors in the mea-
surement of tracer masses and the PFM orientation in
the monitoring well can impact the estimate of groundwa-
ter flow direction. Errors in the orientation of the PFM in
the well propagate directly to the final estimate of the
groundwater flow direction, i.e., any error in the PFM ori-
entation will occur to the same extent in the estimate of
flow direction. However, as found by Ballard [3] for the
in situ permeable flow sensor, careful installation of the
device using rods with marks indicating the orientation of
the device during and after installation can limit errors in
horizontal device orientation to +10° for depths up to
50 m. On the other hand, errors due to violations of the
underlying assumptions will manifest as tracer masses not
expected by the model and, such as errors in the tracer
mass quantification itself, will propagate through the
respective curves for tracer elution of Figs. 14 and 27.

Assuming an error-free ¢,/r estimate and a certain error
in a detected tracer mass, these figures provide a simple
graphical means for finding the corresponding error in
the flow direction estimate for that tracer. It is easily
observed that at first order the resulting error in flow direc-
tion is proportional to the respective error in tracer mass
and the inverse slope of the corresponding curve at the
location in question. In the same way, possible confidence
intervals resulting from the analytical tracer mass quantifi-
cation can be propagated to obtain respective confidence
intervals in the flow direction estimate for a given tracer.
Assuming errors in the tracer mass quantification that are
zero in the mean and comprised in certain intervals, the
propagated intervals in the directional estimates from the
tracers may be somewhat shifted, but will still overlap
around the true flow direction.

In contrast, errors in the compliance of the underlying
assumptions of the tracer transport model can cause the
estimates of flow direction from the different tracer masses
to be inconsistent (or even non-existent in extreme cases).
In other words, in situations where the initial shapes of
the tracer plumes are not preserved throughout the mea-
surement, the model can lose its ability to explain the
actual tracer masses detected in terms of one particular
flow direction. This can result in non-overlapping intervals
for the directional estimates from the individual tracers.
For example, effects of diffusion driven tracer transport
in the ring configuration would give non-zero (and in the
extreme case of diffusive transport only also equal) tracer
masses in each ring sector, which cannot be explained by
a single flow direction according to Fig. 14. In this case,
the lowest detected tracer mass can be interpreted as the
diffusive component of tracer transport. A correction of
the tracer masses by setting the lowest tracer mass to zero
and subtracting the same value from the other two tracer
masses can be attempted in order to eliminate effects of dif-
fusion and possibly facilitate the application of Fig. 14 on
the resulting tracer masses. A similar approach for the sec-
tor configuration is not straightforward, since with certain
flow directions all of the tracers can be eluted advectively
and a diffusive component cannot be determined. In the
same manner, effects of non-linear and/or non-equilibrium
sorption will also introduce discrepancies in the flow direc-
tion estimates from each detected tracer mass, but a simple
way of correction was not found.

A detailed discussion of uncertainties and error propa-
gation in the estimate of the magnitude of groundwater
flux (g,/r) is contained in Hatfield et al. [9]. Its effects for
the present purpose of estimating the direction of ground-
water flow are best evaluated by inspection of Figs. 12 and
13 for the ring configuration and the analogous Figs. 25
and 26 for the sector configuration. In an analogous way
as discussed above, these figures can be used to directly
obtain errors in flow direction estimates for given individ-
ual tracer masses and known errors in ¢,/r. Furthermore,
an error in ¢./r is equivalent in its effects to a violation of
the model assumptions on tracer transport in the sense that
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it leads to inconsistent estimates of flow direction from the
three tracer masses. However, in summary, it is observed
that confidence intervals in the tracer mass quantification
can be propagated into respective confidence intervals in
the estimates of flow direction for each tracer mass, while
noncompliance with model assumptions propagates into
inconsistent (different) estimates of flow direction for the
three tracer masses. The combined effect of these errors
can be used to evaluate the uncertainty associated with a
flow direction measurement. For example, if tracer mass
quantification is known to be accurate and if the flow direc-
tions indicated by the three tracer masses are consistent,
then the resulting estimate of flow direction can be consid-
ered more reliable than otherwise. In fact, it is suggested
that the maximum spread in directional estimates given
from the two most sensitive tracers be used to quantify
an approximate confidence interval for the flow direction
estimate (remember that the sensitivity of the third tracer
is usually close to zero). In extreme situations, where no
consistency is left in the directional estimates from the indi-
vidual tracers, the method indicates its own inability to give
an accurate estimate of flow direction, which can poten-
tially avoid severe misinterpretations. It is believed that
under optimal conditions, the accuracy of flow direction
measurements using either ring or sector configuration will
be of approximately +15°.

The center of mass approximation by Campbell et al. [5]
is seen to be an acceptable method for the estimation of the
flow direction from the PFM data in terms of tracer
masses. Fig. 15 shows that, when compared to the geomet-
rically exact result, the systematic error of the approxima-
tion vanishes in the directions that coincide with the
directions of any axis of symmetry of the PFM cross sec-
tion. For other cases the maximum error lies within a range
of circa +20°. The advantages of the center of mass method
are that it does not require preliminary determination of
the average flow rate to evaluate ¢,, and that it does not
necessarily rely on the assumption that the circular shape
of the tracer plume is preserved. This fact may gain impor-
tance when the initial assumptions of linear, instantaneous
and reversible tracer sorption and pure convective trans-
port are no longer valid.

While Eq. (1) relates the remaining tracer mass in a
PFM (or the center circle of the PFM for the ring configu-
ration) to the volume of water conveyed through the PFM,
i.e. the cumulative water flux through the PFM, the actual
magnitude of interest in field studies is the ambient ground-
water flux in the aquifer. In general, an observation well
with a PFM installed represents a disturbance of the ambi-
ent groundwater flow field with a certain flow convergence
towards or flow divergence around the well. Hence,
depending on the geometric and hydraulic properties of
the observation well and the PFM with respect to the aqui-
fer, the measured flow rate inside a PFM will be higher or
lower than in the undisturbed aquifer. To account for this
discrepancy Drost et al. [6] give expressions for flow con-
vergence factors for open observation wells of different

configurations, which are adopted by Hatfield et al. [9] to
include the presence of a PFM in the well. While the mag-
nitude of flow convergence or divergence affects the mea-
surement of flow direction through the estimate of ¢./r,
the qualitative properties (i.e., the shape) of the flow field
inside the PFM also have an impact on the tracer elution
process. As further pointed out by Hatfield et al. [9], poten-
tial theoretical considerations (e.g. [14]) show, that the flow
field inside the PFM cross section is uniform, independent of
the permeability contrast to the aquifer. This allows for the
application of the rectilinear stream tube tracer transport
model in Hatfield et al. [9] and the present study. A possible
scenario, where the measured flow direction inside the PFM
may be different to the ambient groundwater flow direction
in the aquifer, can occur in aquifers with horizontally aniso-
tropic hydraulic conductivities and when neither of the prin-
cipal axes of anisotropy is aligned with the direction of the
hydraulic gradient. In such cases the direction of ambient
groundwater flow deviates from the direction of the hydrau-
lic gradient and the measured flow direction in the (isotro-
pic) PFM rather indicates the direction of the hydraulic
gradient than that of the ambient groundwater flow.

Two fundamental assumptions for the measurement of
both magnitude and direction of groundwater flow using
the PFM method are that variations in the flow direction
during the measurement period are small and that the ver-
tical component of flow inside the PFM can be neglected
with respect to the horizontal component. The former
assumption is likely to be violated with long term (e.g. sea-
sonal) monitoring, while it is also crucial for the present
purpose of measuring one particular flow direction. As a
consequence, if the primary purpose of the measurement
is to determine the groundwater flow direction, it may be
favorable to design the PFM for shorter monitoring peri-
ods. The latter assumption is easily violated by fluctuations
of the water table or when different hydraulic horizons sep-
arated by aquitards are penetrated by a monitoring well.
Deploying impermeable packers at certain intervals along
the PFM axis can mitigate the effect of vertical flow inside
the PFM. However, both variations in flow direction as
well as vertical flow inside the PFM are factors that under-
mine the validity of measurements and both need to be
taken into account under field conditions [9].

Further work will need to conduct laboratory and field
tests with both configurations to validate the practical use-
fulness of the proposed methods and to collect practical
experience in connection with the construction of the
PFMs and their installation techniques in the field.
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